Abstract: Based on the critical plane approach, a simple and efficient multiaxial fatigue damage parameter with no additional material constants is proposed for life prediction under uniaxial/ multiaxial proportional and/or non-proportional loadings for titanium alloy TC4 and nickel-based superalloy GH4169. Moreover, two modified Ince-Glinka fatigue damage parameters are put forward and evaluated under different load paths. Results show that the generalized strain amplitude model provides less accurate life predictions in the high cycle life regime and is better for life prediction in the low cycle life regime; however, the generalized strain energy model is relatively better for high cycle life prediction and is conservative for low cycle life prediction under multiaxial loadings. In addition, the Fatemi-Socie model is introduced for model comparison and its additional material parameter k is found to not be a constant and its usage is discussed. Finally, model comparison and prediction error analysis are used to illustrate the superiority of the proposed damage parameter in multiaxial fatigue life prediction of the two aviation alloys under various loadings.
Introduction
Hot engine section components such as turbine discs and blades are often subjected to complex multiaxial cyclic loads, and their life evaluation is of great importance for ensuring the reliability and structural integrity of aero engines [1] [2] [3] [4] . In particular, one or more of the following failure mechanisms threaten the integrity of these components: (a) multiaxial fatigue; (b) creep; (c) high temperature corrosion [5] [6] [7] [8] [9] [10] [11] [12] . Multiaxial fatigue failure is one of the main failure modes of these components and has been widely studied. However, when compared with uniaxial fatigue, multiaxial fatigue presents additional challenges including additional hardening, and effects stemming from normal and shear mean stress. Due to the complexity of failure mechanisms in multiaxial fatigue and its dependence on microstructures, there are currently no widely accepted fatigue models used to predict multiaxial fatigue failures [13] [14] [15] [16] [17] . According to previous studies, the multiaxial fatigue life prediction models can be summed up into the following categories: the equivalent stress/strain models, energy-based criteria, damage mechanics-based models [18] [19] [20] [21] and critical plane approaches [22] [23] [24] . The critical plane approach is regarded as the most promising framework according to its satisfactory prediction of fatigue life and crack failure direction and strong adaptability for materials or engineering applications [24] .
At present, various multiaxial fatigue models have been developed based on the critical plane approach. These include the Fatemi-Socie (FS) model [25] , the Wang-Brown (WB) model [26, 27] , and the Findley model [28] . However, most of these include one or more additional material constants, which were usually obtained from fitting fatigue data or the formula of material constants. It is very inconvenient to fit fatigue data and formulas for material constants of different models, especially under limited fatigue data conditions. Moreover, these material constants vary with the number of cycles to failure, and bring additional research on how to determine these material constants by testing [24] . Therefore, it is necessary to develop a simple and efficient multiaxial fatigue life prediction damage parameter without any additional material constants that are applicable for a variety of metal materials and loading conditions. Most energy-based models do not contain additional material constants, such as the Smith-Watson-Topper (SWT) parameter [29] , Liu's [30] and Chu's model [31] etc. However, under pure torsion and torsion-dominated multiaxial loadings, the SWT model has demonstrated less accurate fatigue life predictions [23] . Liu's model has two forms considering two crack failure modes-tensile cracking failure mode, and shear crack failure mode that is generally determined by fatigue tests [24, 32] . Chu's model averages the contribution from tensile behavior and shear behavior and provides an average crack direction of 22.5 • as the critical plane [24, 33] . This cannot really reflect the multiaxial fatigue of various load paths. FS mode has been widely recognized to have an accurate prediction of fatigue life and crack initiation direction for a wide variety of materials and under different loading conditions [34, 35] . Ince and Glinka [36] present two multiaxial fatigue damage parameters on the maximum damage parameter plane, which characterize the fatigue behavior under proportional/non-proportional loadings and reflect the mean stress effect. However, the damage parameters of Ince-Glinka are divided into uniaxial and multiaxial forms and are not concise. Although expansive literature regarding multiaxial fatigue exists, the complex multiaxial fatigue failure of different materials remains elusive. Further research on accurate evaluation of fatigue life and crack failure is needed under multiaxial fatigue failure analysis.
The primary focus of the current work is to present a simple and efficient multiaxial fatigue damage parameter that is able to predict fatigue life under various load paths. The rest of the paper is structured as follows. In Section 2, several multiaxial fatigue models referenced in this paper are introduced briefly. Section 3 elaborates on two modified generalised strain energy/amplitude models, and then proposes a simple multiaxial fatigue damage parameter. Section 4 describes the fatigue test data under various load paths and test details for TC4 and GH4169. Section 4 also discusses the usage of additional material constant k of the FS model, while providing model validations and comparisons under symmetric and asymmetric multiaxial loadings. Section 5 contains a summary of current research in this paper.
Multiaxial Fatigue Damage Parameters

Fatemi-Socie Model
Based on physical failure observation of various metal materials and the Brown-Miller model, Fatemi and Socie [25] introduced a concept of equivalent shear strain amplitude, which reflects the effects of mean stress and additional hardening. This is achieved by substituting the normal strain amplitude for maximum normal stress on the critical plane. The critical plane of the FS model is usually considered to be the maximum shear strain plane [24, 37, 38] . Fatemi et al. [39] found that failure cracks of wrought specimens occur on or near to the orientation of the maximum shear strain plane. Yu et al. [40] performed an evaluation of the FS model with both the maximum shear strain plane and a maximum damage parameter plane. They found that treating the maximum damage parameter plane as the critical plane is optimal for the FS model. Jiang [41] discovered that the critical plane deviates from the maximum shear strain plane when the additional material constant k is not equal to zero. Therefore, the maximum damage parameter plane near the maximum shear strain plane is defined as the critical plane in this paper and the FS model is given as: where γ a and σ n,max are respectively the shear strain amplitude and maximum normal stress on the critical plane; σ y is the cyclic yield stress which can be obtained from 0.05% offset rule [40] ; τ f and γ f are the shear fatigue strength/ductility coefficients, respectively, b 0 and c 0 are the shear fatigue strength/ductility exponents; N f is the fatigue cycles to failure, G is the shear modulus, and k is the normal stress sensitivity coefficient which considers the influence of normal stress on crack propagation. Note from [35] that the material coefficient k of the FS model is not a constant and it varies with the failure life, which is normally determined by:
where ν e and ν p are the elastic and plastic Poisson's ratio, respectively; σ f and σ f are the fatigue strength/ductility coefficients, respectively; b and c are the fatigue strength/ductility exponents, respectively; E is the Young modulus.
Generalized Strain Energy/Amplitude (GSE/GSA) Damage Parameters
Considering the various advantages of previous models, Ince and Glinka [36] initially proposed a GSE damage parameter including shear and normal strain energy density from the viewpoint of strain energy. Referring to the critical plane of Chu [31, 42] , the maximum damage parameter plane is viewed as the critical plane of the GSE model, which is expressed as follows:
where ∆γ e /2 and ∆γ p /2 are the elastic/plastic shear strain amplitude, respectively; ∆ε n,e /2 and ∆ε n,p /2 are the elastic/plastic normal strain amplitude, respectively; ∆τ/2 and ∆σ n /2 are the shear/normal stress amplitude, respectively; τ max is the maximum shear stress. The damage parameter in Equation (3) considers the non-proportional hardening and mean stress effects by including the maximum shear stress and maximum normal stress on the critical plane. Later, the contributions of all stress and strain components to fatigue damage are considered by Ince-Glinka [36] . The GSE damage parameter is then converted to GSA damage parameters which has the same advantages of GSE. The GSA damage parameter can be given as:
Based on the fully-reversed uniaxial and torsion Manson-Coffin equation using the uniaxial fatigue properties of the material, the relationship between the damage parameter and life can be deduced as [33] :
The GSA model with the critical plane of the maximum damage parameter considers the average contribution of normal strain and shear strain damage. The left part of the middle plus sign in Equation (5) corresponds to the shear strain damage and the right part corresponds to the normal strain damage. For pure shear fatigue and shear dominated multiaxial fatigue, the maximum damage parameter plane is near the maximum shear strain plane. This results in small normal strain damage, especially under surface strengthening conditions [43] . However, the existence of the right part of the middle plus sign in Equation (5) makes the predicted life extremely high, resulting in severe prediction errors. For uniaxial fatigue, Ince [33, 36] provides the following equation:
Note from [33] that Equation (6) provides satisfactory life prediction under uniaxial fatigue loadings.
Proposed Multiaxial Fatigue Damage Parameter
Note from Equation (4) that the plastic strain in the multiaxial fatigue damage parameters of Ince-Glinka is not normalized by the corresponding stress correction factor. Considering the effects of plastic normal/shear strain on fatigue failure, a modified GSA (MGSA) damage parameter is proposed as follows:
For pure shear fatigue under fully reversed uniaxial cyclic loadings, the shear strain amplitude on the maximum shear strain plane can be given as:
Based on the fully-reversed uniaxial and torsion Manson-Coffin equation, the maximum shear stress τ max on the critical plane can be expressed as [36] :
The maximum normal stress and normal strain amplitude on the maximum shear strain plane are approximately zero in the case of pure shear fatigue. By combining Equation (7) with Equation (9) , the relationship between the MGSA damage parameter and fatigue life N f can be deduced as:
The shear/normal strain amplitude in the MGSA model including elastic and plastic normal/shear strain amplitude is normalized by the corresponding stress correction factor. This considers the contributions of the shear strain and the normal strain to the total strain damage, with the stress correction factors reflecting the effects of mean stress and additional hardening.
Similarly, following the concept of strain energy by considering the total shear and normal strain energy, as well as the critical plane near maximum shear strain plane, according to the GSE damage parameter in Equation (3)-a modified GSE (MGSE) model can be expressed as:
The critical planes of the MGSA and MGSE model are close to the maximum shear strain plane. This is applicable for most ductile metal materials with shear cracking [39] . The shear strain/strain energy of MGSA/MGSE contributes to the most fatigue damage that characterizes the crack initiation. The normal strain or strain energy is taken as the additional fatigue damage to reflect the crack propagation.
As aforementioned, the highlights of GSA damage parameter proposed by Ince-Glinka are the normal stress correction factor, σ n,max /σ f and shear stress correction factor, τ max /γ f . These characterize the effects of mean stress of tension and torsion. However, only the normal/shear elastic strains are normalized by the normal/shear correction factor, and the normal/shear plastic strains are important when normalized by normal/shear correction factors when considering the effect of mean stress on the plastic normal/shear strain. MGSA and MGSE are the initial models proposed. Moreover, considering that the effects of normal strain on the critical plane are different from that of shear strain, the normalized method of normal and shear strain should be different. In the proposed fatigue model, introducing the cyclic yield stress normalizes the normal strain. This reflects the effect of normal strain on crack propagation, and then leads to a simple multiaxial fatigue damage parameter (DP):
The proposed damage parameter in Equation (12) differentiates the effects of shear strain and normal strain on fatigue damage on the critical plane near the maximum shear strain plane. This accurately describes the different behaviours that shear strain promotes crack initiation and normal strain accelerates crack propagation [40] .
Experimental Validation and Model Comparison
Materials and Multiaxial Fatigue Data
In order to evaluate and validate the current models, uniaxial and multiaxial fatigue test data of aero engine alloys TC4 and GH4169 [23, 44, 45 ] are used for model comparison. For TC4, the solid specimens with 6 mm diameter/15 mm gauge length are for axial fatigue tests. The tubular specimens with 17 mm outside diameter, 14 mm inside diameter, and 32 mm gauge length are for multiaxial fatigue tests. Furthermore, the tubular specimens with 16 mm outside diameter, 12 mm inside diameter, and 50 mm gauge length are for fatigue tests of GH4169. More details of the specimen configuration and dimensions of TC4 and GH4169 are referenced in [23, 44, 45] . The fatigue tests of TC4 and GH4169 are respectively carried out at room temperature and 650 • C under different strain load paths. Monotonic and cyclic properties of TC4 and GH4169 are respectively listed in Tables 1 and 2 . Due to the limited fatigue data of GH4169 at 650 • C, its torsional properties can be crudely evaluated from uniaxial properties [40] : Table 2 . Material properties of GH4169. All load paths include uniaxial, pure torsion, proportional, 45 • and 90 • non-proportional loadings under triangle/sine wave strain-controlled mode. The fatigue tests of TC4 were conducted under sine wave strain-controlled for symmetric and asymmetric loadings, which are respectively shown in Tables 3 and 4 . For GH4169, the specimen numbers marked with * are tested under sine wave loading and the others are tested under triangle wave loading in Table 5 . Table 3 . Fatigue test data of TC4 for symmetric loadings. Note: The specimen number marked with * is under sine wave loading.
Discussion on the Additional Material Parameter of the FS Model
Although the FS model depicts a strong ability to predict fatigue life for various metal materials, its additional material parameter k is determined by different methods that can produce different results and lead to somewhat different life predictions. Commonly, material parameter k is obtained by fitting the uniaxial fatigue data against the pure torsion fatigue data [23, [38] [39] [40] [46] [47] [48] . Shamsaei et al. [49] found that the FS damage parameter is not sensitive to the k value and suggested that the k can be considered as 1 in the uniaxial form of FS model. However, Li et al. [46] indicated that the inappropriate value of k is a primary reason for the FS model's inaccurate predictions. Therefore, it is necessary to evaluate the effective method for determining k in the FS model to make a better fatigue life correlation.
The value of k has been evaluated to be 0.69 for TC4 and 0.34 for GH4169 by fitting uniaxial fatigue data in Tables 3 and 5 . This widely used method of fitting fatigue data to obtain k apparently has an acceptable prediction for most metal materials according to previous studies [23, [38] [39] [40] [46] [47] [48] . However, the changing trend of k, as the coefficient reflects the influence of normal stress on crack propagation, is different to the increase of N f for different materials according to Equation (2) . The blue line in Figure 1 shows that k decreases with fatigue life for TC4 and increases with fatigue life for GH4169. The pink star scatter indicates the value of k calculated based on the uniaxial fatigue test data. As can be seen from Figure 1 , the fitted k can indeed approximate the mean value of k, so the life prediction error of the current fatigue tests is the lowest. In addition, k can be obtained from Equation (2) . However, fatigue life is found to display a greater sensitivity to the k value in the low cycle life regime, and is less sensitive to the k value in the high cycle life regime throughout repeated trial calculations. Therefore, another method of obtaining k is introduced in the current research. Considering the insensitivity of fatigue life to k in the high cycle life regime and the life prediction ability of the FS model, the mean value of k in the fatigue life range 5 × 10 3 ≤ N f ≤ 5 × 10 4 is considered as the model coefficient of the FS model according to [50] . Based on this method, the k is calculated to be 0.367 for TC4 and 0.47 for GH4169.
Note from Figure 2 that the FS model gives a better fatigue life correlation when k = 0.367 than that when k = 0.69 for TC4 under symmetric loadings. Although the difference between the 0.367 and the k value estimated by the uniaxial fatigue test data is large, the FS model has a better fatigue life prediction ability for TC4, which further indicates that lower life is not sensitive to k values and higher life is more sensitive to k values. For GH4169, the FS model using the k obtained from the abovementioned two methods gives a good fatigue life correlation as shown in Figure 3 . Therefore, the k value obtained from high cycle life regime based on Equation (2) can make the FS model have better life prediction ability and adaptability for different materials.
[ Figure 1 , the fitted k can indeed approximate the mean value of k, so the life prediction error of the current fatigue tests is the lowest. In addition, k can be obtained from Equation (2) . However, fatigue life is found to display a greater sensitivity to the k value in the low cycle life regime, and is less sensitive to the k value in the high cycle life regime throughout repeated trial calculations. Therefore, another method of obtaining k is introduced in the current research. Considering the insensitivity of fatigue life to k in the high cycle life regime and the life prediction ability of the FS model, the mean value of k in the fatigue life range 5 × 10 −4 ≤ ≤ 5 × 10 −3 is considered as the model coefficient of the FS model according to [50] . Based on this method, the k is calculated to be 0.367 for TC4 and 0.47 for GH4169. Note from Figure 2 that the FS model gives a better fatigue life correlation when k = 0.367 than that when k = 0.69 for TC4 under symmetric loadings. Although the difference between the 0.367 and the k value estimated by the uniaxial fatigue test data is large, the FS model has a better fatigue life prediction ability for TC4, which further indicates that lower life is not sensitive to k values and higher life is more sensitive to k values. For GH4169, the FS model using the k obtained from the abovementioned two methods gives a good fatigue life correlation as shown in Figure 3 . Therefore, the k value obtained from high cycle life regime based on Equation (2) can make the FS model have better life prediction ability and adaptability for different materials. 
Model Validation and Comparison
Based on the limited fatigue test data of TC4 and GH4169, a model validation and comparison was performed in this section. Both the MGSA and MGSE model give an acceptable fatigue life correlation for TC4 and GH4169 under symmetric multiaxial loadings as shown in Figures 4 and 5 . However, the MGSA model overestimates fatigue life in the high cycle life regime and the life prediction of MGSE model is over-conservative for the multiaxial non-proportional loadings in the 
Based on the limited fatigue test data of TC4 and GH4169, a model validation and comparison was performed in this section. Both the MGSA and MGSE model give an acceptable fatigue life correlation for TC4 and GH4169 under symmetric multiaxial loadings as shown in Figures 4 and 5 . However, the MGSA model overestimates fatigue life in the high cycle life regime and the life prediction of MGSE model is over-conservative for the multiaxial non-proportional loadings in the low cycle life regime. The proposed damage parameter overcomes the shortcomings of the above two modified damage parameters as the prediction results of TC4 and GH4169 in Figures 6 and 7 show that the predicted fatigue lives in the high cycle life regime are all within or near the ±2 bands. Additionally, the predicted fatigue lives under multiaxial non-proportional loadings in the low cycle life regime are not particularly conservative when compared with the MGSE model. Thus, the proposed damage parameter in Equation (12) (termed as Proposed in the figures of this analysis) gives a better ability for multiaxial fatigue life prediction. Comparison between tested lives and predicted lives using (a) the MGSA model (Equation (10)) and (b) the MGSE model (Equation (11)) for GH4169 at 650 °C. Comparison between tested lives and predicted lives using (a) the MGSA model (Equation (10)) and (b) the MGSE model (Equation (11)) for GH4169 at 650 °C. Comparison between tested lives and predicted lives using (a) the MGSA model (Equation (10)) and (b) the MGSE model (Equation (11)) for GH4169 at 650 • C.
Figure 5.
Comparison between tested lives and predicted lives using (a) the MGSA model (Equation (10)) and (b) the MGSE model (Equation (11)) for GH4169 at 650 °C. The FS model is widely used throughout previous research and application due to its strong fatigue life prediction ability for various materials [46] [47] [48] 50] . The prediction results of the FS model using the k obtained from the high cycle life regime in section 4.2 are compared with those of the proposed damage parameter. The probability analysis is also introduced for model prediction error analysis of TC4 and GH4169 as shown in Figure 8 . This shows that the proposed damage parameter provides more accurate predictions than previous models due to the lowest mean value and standard deviation of model prediction errors for TC4, as well as the fatigue life correlation of MGSE. For GH4169, the superiority of the FS model is reflected through its life prediction accuracy owing to its The FS model is widely used throughout previous research and application due to its strong fatigue life prediction ability for various materials [46] [47] [48] 50] . The prediction results of the FS model using the k obtained from the high cycle life regime in Section 4.2 are compared with those of the proposed damage parameter. The probability analysis is also introduced for model prediction error analysis of TC4 and GH4169 as shown in Figure 8 . This shows that the proposed damage parameter provides more accurate predictions than previous models due to the lowest mean value and standard deviation of model prediction errors for TC4, as well as the fatigue life correlation of MGSE. For GH4169, the superiority of the FS model is reflected through its life prediction accuracy owing to its additional material parameter. However, both the proposed damage parameter and the GSE model provide reasonably accurate predictions as most of the predicted lives provided by them are within factors of two, as shown in Figures 5b and 7 . Comparison between tested lives and predicted lives using the proposed damage parameter for GH4169 at 650 °C. It is necessary to evaluate the fatigue life under asymmetric loadings because the mean stress effect is common in engineering components [51] [52] [53] . The abovementioned fatigue models claim to describe the effects of mean stress, so a multiaxial fatigue life prediction comparison under asymmetrical loadings is performed as shown in Figure 9 . Figure 9 shows that nearly all of the predicted lives of the MGSE, MGSA and proposed damage parameter are within the factors of three. Additionally, some of the lives predicted by the FS model deviate greatly from the tested ones. Figure  9b shows that the proposed damage parameter gives the best prediction accuracy when compared with other models considering the low mean value and standard deviation of model prediction error according to their overall performance. The fatigue life correlations provided by MGSA and MGSE are more accurate than FS, which indicates that the normal stress correction factor, , ∕ and the shear stress correction factor, ∕ are advantageous for describing the mean stress effect. The reason why the FS model gives less accurate multiaxial fatigue life prediction under asymmetric loadings is that it cannot reflect the shear mean stress effect. However, the MGSA, MGSE and It is necessary to evaluate the fatigue life under asymmetric loadings because the mean stress effect is common in engineering components [51] [52] [53] . The abovementioned fatigue models claim to describe the effects of mean stress, so a multiaxial fatigue life prediction comparison under asymmetrical loadings is performed as shown in Figure 9 . Figure 9 shows that nearly all of the predicted lives of the MGSE, MGSA and proposed damage parameter are within the factors of three. Additionally, some of the lives predicted by the FS model deviate greatly from the tested ones. Figure 9b shows that the proposed damage parameter gives the best prediction accuracy when compared with other models considering the low mean value and standard deviation of model prediction error according to their overall performance. The fatigue life correlations provided by MGSA and MGSE are more accurate than FS, which indicates that the normal stress correction factor, σ n,max /σ f and the shear stress correction factor, τ max /γ f are advantageous for describing the mean stress effect. The reason why the FS model gives less accurate multiaxial fatigue life prediction under asymmetric loadings is that it cannot reflect the shear mean stress effect. However, the MGSA, MGSE and proposed damage parameter include the effect of normal mean stress and shear mean stress on the critical plane. proposed damage parameter include the effect of normal mean stress and shear mean stress on the critical plane. 
Conclusions
This paper attempts to put forward a simple and efficient multiaxial fatigue damage parameter without any additional material constants that can predict fatigue life under various load paths, and reflect the effects of normal/shear mean stress and non-proportional additional hardening. The FS model with an additional material parameter is widely recognised to have a good life prediction ability, which is introduced for model comparison. The conclusion of current studies is summarized below:
(1) The generalized strain amplitude/energy damage parameters are modified and the usage of 
(1) The generalized strain amplitude/energy damage parameters are modified and the usage of these two damage parameters is simplified. The MGSA and MGSE damage parameters were elaborated upon by adding correction of normal/shear plastic strain amplitude by normal/shear stress correction factors based on GSA and GSE damage parameters. (2) By considering the effects of normal strain and shear strain on the damage of the critical plane, the normal/shear strain is corrected by different forms of normal and shear stress correction factors. A simple and efficient multiaxial fatigue damage parameter is proposed based on the normal stress correction factor including cyclic yield stress. (3) The material constant k of the FS model is discussed in this paper. It is found that the FS model using the fitted k provides less accurate fatigue life predictions for TC4, and a good performance of fatigue life prediction for GH4169 at 650 • C. However, when corresponding to the high cycle life regime, the mean value of k can enhance the fatigue life prediction ability of the FS model for the two materials. This indicates that fatigue life prediction results are more sensitive to the k in the low cycle life regime, and less sensitive to k in the high cycle life regime. (4) The proposed MGSA and MGSE models provide acceptable fatigue life predictions for TC4 and GH4169 under various loadings. However, the MGSA model has shown poor performance in the high cycle life regime, and the MGSE model gives a conservative prediction for low-cycle non-proportional multiaxial loadings. The proposed damage parameter overcomes the shortcomings of the MGSA and MGSE models, and nearly all of its prediction results fall within a factor of ±2. It provides a better analysis for multiaxial fatigue life prediction under asymmetric loadings than others, while considering normal/shear mean stress effects. Also, further comprehensive assessment of the proposed damage parameter needs to be addressed for different materials under different loading paths.
